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Apropos to the growing interest in the study of long-range interactions which for their applica-
tions in cold atom physics, we have performed theoretical calculation for the two-dipole C6 and
three-dipole C9 dispersion coefficients involving alkaline-earth atoms with alkaline-earth atoms and
alkaline-earth ions. The C6 and C9 coefficients are expressed in terms of the dynamic dipole polariz-
abilities, which are calculated using relativistic methods. Thereafter, the calculated C6 coefficients
for the considered alkaline-earth atoms among themselves are compared with the previously reported
values. Due to unavailability of any other earlier theoretical or experimental results, for the C6 coef-
ficients for alkaline-earth atoms with alkaline-earth ions and the C9 coefficients, we have performed
separate fitting calculations and compared. Our calculations match in an excellent manner with the
fitting calculations. We have also reported the oscillator strengths for the leading transitions and
static dipole polarizabilities for the ground states of the alkaline-earth ions, i.e., Mg+, Ca+, Sr+,
and Ba+ as well as the alkaline-earth atoms, i.e., Mg, Ca, Sr, and Ba. These, when compared with
the available experimental results, show good agreement.
I. INTRODUCTION
Laser cooled atoms and ions have been the subject
of several recent investigations covering many aspects of
ultra-cold atom physics. Accurate knowledge of long-
range part of the interatomic interaction between cooled
atoms and ions can be viewed as the cornerstone of re-
search on the atom-ion hybrid traps [1, 2], experiments
on photoassociation [3, 4], determination of scattering
lengths, fluorescence spectroscopy, analysis of Feshbach
resonances, probing extra dimensions to accommodate
Newtonian gravity in quantum mechanics, determination
of stability of Bose-Einstein condensates, and many more
[5–9]. The study of long-range interaction is of special
interest for low-temperature collisions [2, 10–18] and is
quite important in the determination of collisional fre-
quency shift. In various reports, it has been proposed
that controlled ion-atom cold collisions can be used for
future quantum information processing [19, 20]. Further,
the investigation of the long-range interaction yields vi-
tal information which helps to understand the different
aspects of ion-atom bound state [21], charge transfer pro-
cesses [12, 13, 16, 17, 22], spin exchange reactions and
formation of cold molecular ions [23, 24].
The long-range interaction potential is mostly ex-
pressed in power series of the inverse of the interatomic
separation R. The leading R−6 term in this series rep-
resentation is called the dispersion term, with coefficient
C6 which is of particular interest when the two atomic
species are considered. On the other hand, the term
with coefficient C9 is regarded as the main contributor
to the non-additive part of the interaction energy among
three atomic species. The first theoretical study on ion-
atom interactions goes back to the approach given by
Langevin [25] and Margenau [26]. Since then, a num-
ber of theoretical approaches have been reported. In
a recent review, Koutselos and Mason [27] summarized
data on ion-atom dispersion C6 coefficients using Slater-
Kirkwood formula. Ahlrichs et al. [28] also used the
same method to calculate dispersion coefficients for Li+,
Na+, K+, P−, and Cl− ions interacting with He, Ne,
and Ar atoms and found good agreement between the
experimental as well as theoretical results. Koutselos
et al. [29] determined interaction potentials from the
universal interaction curves between the noble gas–noble
gas, alkali ion–noble gas, and halogen ion–noble gas in-
teractions which agree well with the experimentally de-
termined potentials. They also successfully reproduced
the measured diffusion coefficients and ion mobilities.
Mitroy and Zhang [30] calculated long-range dispersion
coefficients for Mg+ and Ca+ interacting with a num-
ber of atoms by using sum rule. Tang et al. [31] eval-
uated C6 coefficients for the ground and excited states
of Li, Li+, and Be+ interacting with the He, Ne, Ar,
Kr, and Xe atoms in their ground states. They used
variational Hylleraas method to determine the necessary
list of multipole matrix elements. Sukhjit et al. [32]
reported the long-range dispersion coefficients for the in-
teraction of inert gas atoms with the alkali atoms as well
as alkaline-earth and alkali ions. They employed rela-
tivistic coupled-cluster method to estimate the dynamic
dipole and quadrupole polarizabilities of the alkali atoms
and singly ionized alkaline-earth atoms, whereas a rela-
tivistic random phase approximation approach was taken
to determine these quantities for the closed-shell config-
ured inert gas atom and singly-ionized alkali and dou-
bly ionized alkaline-earth ions. The accuracy of these
results was checked by comparing their static polariz-
ability values with the experimental results. Tim and
Toma [33] obtained dispersion coefficient between rare
gas atom and ions by implementing time-dependent den-
sity functional theory (TDDFT) with exchange kernels.
They first calculated frequency-dependent dipole polar-
izabilities for atoms and ions and then integrated them
over frequency to produce C6 coefficients.
2In addition to above mentioned theoretical studies for
long-range ion-atom interaction, there are several exper-
imental studies which have been performed on ion-atom
interactions to understand the nature of force between
ultracold atoms and ions in hybrid ion-atom traps and
some of these are described here. Smith et al. [1] suc-
cessfully constructed a hybrid ion-atom trap which was
designed to co-trap laser-cooled Ca+ ions along with cold
Na atoms. The first experiment on ion-atom cold colli-
sions was reported by Grier et al. [34] for an alkaline-
earth like system viz. Yb +Yb+ at energies ranging from
35 mK to 45 K. Next, heteronuclear Yb+-Ca collisions
were investigated by Zipkes et al. [35, 36] in the range of
0.2–5 K. Hall et al. [37] and Hall et al. [38] performed an
experiment on cold reactive collisions among laser-cooled
ions and atoms. Sullivan et al. [39] studied the collision
of Ba+ ions with Ca atoms, in which the charge exchange
process is energetically prohibited unless Ca is electroni-
cally excited by the cooling laser. Ravi et al. [40] investi-
gated the cooling of the Rb+ ion by Rb atoms, where they
experimentally demonstrated that rubidium ions cool in
contact with magneto-optically trapped rubidium atoms,
unlike the general expectation of ion heating. The cool-
ing process is described theoretically and justified with
numerical simulations, which involves resonant charge ex-
change collisions. Lee, Ravi and Rangwala [41] also in-
vestigated the same system, i.e., Rb+ + Rb, where the
ions were produced directly from the atomic cloud by
two photon ionization. The use of such an alkaline-earth
molecular, ionic system helps to examine the distinct pro-
cesses that are essential for quantum information storage
[42, 43].
Besides the two-body interaction, the three-body in-
teraction has also been of immense interest for the past
few decades. The first few studies on three-dipole in-
teraction were by Axilrod & Teller [44] and Muto [45].
Axilrod & Teller [44] predicted the order of magnitude
of the C9 coefficient and Muto [45] evaluated its value
by using a simple atomic model. Later, Axilrod [46]
also used a simplified atomic model to compute C9 co-
efficients, which were in agreement with those of Muto
[45]. Further, Marinescu and Starace [47] investigated
the non-additive part of the long-range interaction by
implementing non-degenerate perturbation theory up to
the third order and calculated the dispersion coefficients
C9 for three alkali-metal atoms interacting through their
electric dipole moments. Both the homonuclear and het-
eronuclear cases were studied in this work. Patil & Tang
[48] studied two- and three-body dispersion coefficients
for alkali isoelectronic sequence. They calculated mul-
tipolar matrix elements by using simple wave-functions
which were based on an asymptotic behaviour and the
binding energies of the valence electron. These matrix
elements allowed them to evaluate polarizabilities and
dispersion coefficients of heteronuclear and homonuclear
interactions from C6 to C24. Lilienfeld & Tkatchenko
[49] presented a numerical estimation of the leading two-
and three-body dispersion energy terms in van der Waals
interactions for a broad range of molecules and solids.
These calculations were based on Axilrod-Teller-Muto
and London expressions where the required dispersion
coefficients C6 and C9, are evaluated from the electron
density. These coefficients were investigated by Huanga
& Sun [50] using a variational stable method of Gao &
Starace [51], as well as the simple ground state wave-
function of the valence electron previously suggested by
Patil & Tang [48].
Ultracold alkaline-earth atoms are widely used in the
precision measurements and quantum simulation stud-
ies. Due to their unique atomic structure, they can be
used to investigate the quantum many-body system prob-
lems, such as Kondo and SU(N) physics, the simulation
of synthetic gauge fields, etc. However, to thoroughly
explore the potential of ultracold alkaline-earth atoms,
these systems need to be studied in detail [52, 53]. Inter-
estingly, recent developments in the experimental meth-
ods have opened the way for combining ultracold trapped
ions and atoms in a single experimental setup [54, 55].
Most of the ion-atom experiments use alkaline-earth ions
trapped and laser-cooled in a Paul trap immersed into
ultracold neutral alkali or alkaline-earth atoms trapped
in magnetic, magneto-optical, or dipole traps [20, 56–
58]. Several cold atomic ion-atom combinations have al-
ready been experimentally investigated [57, 58], includ-
ing Ca atoms and Ba+ ions, confined in a hybrid trap
[39]. In addition, the interactions and chemical reac-
tions between the neutral alkaline-earth-metal (A) and
ionic alkaline-earth-metal (B) are also being studied for
diatomic AB+, and triatomic A2B
+ systems [58]. Due to
the recent developments in the research field, there is a
growing interest worldwide to investigate these systems,
both experimentally and theoretically. With this moti-
vation, we have carried out a thorough theoretical study
of the long-range (C6 and C9) interactions of atom-ion
between the alkaline-earth atoms and ions.
In the present work, we have determined C6 coefficient
among Mg, Ca, Sr, and Ba alkaline-earth atoms and with
Mg+, Ca+, Sr+, and Ba+ alkaline-earth ions. Also, the
C9 coefficients for the interaction among three alkaline
earth atoms, as well as two alkaline-earth atoms with
an alkaline-earth ion are evaluated. Despite the impor-
tance, the dispersion coefficients of these systems are not
explored experimentally or theoretically to date; there-
fore, we cannot compare our calculated data with the
literature. To ascertain the reliability of our calculation
procedure and the accuracy of the obtained results, we
have calculated the dispersion coefficients (C6) for the
homonuclear alkaline-earth atoms and compared with the
previously available results [59, 60].
In order to obtain these dispersion coefficients, we have
employed relativistic methods to calculate dynamic po-
larizabilities of atoms and ions. For this purpose, the
oscillator strength of the leading transitions in alkaline-
earth ions and atoms are calculated and compared with
the National Institute of Standards and Technology
(NIST) [61] as well as other [62–68] values. Results are
3also reported for ground state polarizability and their
comparison is presented with other calculations [69, 70]
and measurements [71–77], wherever available. Finally,
C6 coefficients for homonuclear dimers of alkaline-earth
atoms are compared with other results [59, 60], whereas,
for C6 and C9 values of the remaining combinations, we
have used the approximate fitting models to verify our
results.
The paper is organised as follows. In Section II, we
give a brief overview of the theoretical methodology em-
ployed in the present work. Our results are presented and
discussed in Section III. Finally, conclusions are drawn in
Section IV. We have used atomic units (a.u.) throughout
the manuscript unless stated otherwise.
II. THEORETICAL CALCULATION
A. Dispersion coefficients
The long-range van der Waals interaction among three
atomic species in ground states is given by
V ( ~R12, ~R23, ~R31) = −
C
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(1)
where C
(ij)
n and C
(ijk)
n parameters are the dispersion co-
efficients for two body and three body interaction respec-
tively, with i, j, k = 1, 2, 3 and Rij is the inter atomic
distance between the ith and jth atomic systems. The
angle θk is defined as cos θk = −Rˆik · Rˆkj . The leading
contributor to the potential is from the C6 terms which
are defined in terms of dipole polarizabilities αi(ιω) as
C
(ij)
6 =
3
π
∫ ∞
0
dωαi(ιω)αj(ιω). (2)
The last term of the Eq. 1 is the lowest order of inverse
powers to the internuclear distances in the third-order
correction to the ground-state energy and is a three-body
interaction term which is given by [78]
C
(ijk)
9 =
3
Π
∫ ∞
0
dωαi(ιω)αj(ιω)αk(ιω). (3)
Note that this term has a different sign from those of
the other pair interaction terms in Eq. 1 and is thus
called the non additive part of the long-range interaction
potential. It is multiplied by an angle dependent factor
which is positive for max(θ1, θ2, θ3) < 117
◦ and negative
for max(θ1, θ2, θ3) > 126
◦ [78]. In the present work,
we determine C6 and C9 coefficients using the ab-initio
methods as given by Eq. 2 and 3.
In addition, we also calculate these coefficients using
simple fitting formulae for comparison purposes. Since
it is cumbersome to determine polarizabilities for a suffi-
ciently large number of frequencies, therefore instead of
using the exact ab initiomethod, alternative fitting meth-
ods have been adopted to calculate the C6 coefficients in
the literature. Among these the Slater-Kirkwood for-
mula [79] is one of the mostly used method in which the
dispersion coefficients for the atom-ion system are ap-
proximated by
C
(ij)
6 =
3
2
αiαj
(αi/Ni)1/2 + (αj/Nj)1/2
, (4)
where Ni and Nj are the effective number of electrons in
ith and jth atomic systems respectively and both can be
determined using the following empirical formula which
assumes that the dominant contributions arise from the
loosely bound electrons present in the outer shell of the
systems
(Ni)
1/2 =
4
3
C
(ii)
6 /(αi)
3/2 (5)
with the van der Waals coefficient Cii6 of the homo-
nuclear dimer and static polarizability αi of the atom
i. Substituting the above relation, we get
C
(ij)
6 =
2C
(ii)
6 C
(jj)
6
(
αj
αi
)C
(ii)
6 + (
αi
αj
)C
(jj)
6
. (6)
The above formula has been extensively tested by
Kramer and Herschbach [80] , and found to give quite
good estimate of the C6 coefficients. Similarly the non
additive C9 coefficients for the atomic three-dipole dis-
persion coefficient can be obtained by using an approxi-
mate fitting through the following expression derived by
Midzuno and Kihara [81]
C
(iii)
9 =
3
4
αi(0)C
(ii)
6 (7)
and for the general case of three different atoms, they
obtain
C
(ijk)
9 =
2 ∗QiQjQk(Qi +Qj +Qk)
(Qi +Qj)(Qj +Qk)(Qk +Qi)
, (8)
where [82]
Qi =
αj(0)αk(0)
αi(0)
C
(ii)
6 . (9)
Nevertheless, both the above fitting formulae given by
Eq. 6 and 8 are only valid and good for the qualitative
description of the ion-atom dispersion coefficients, but it
4is imperative to use more accurate values of polarizabili-
ties for the precise description of the ion-atom dispersion
coefficients. In the present work, we determine these
quantities for the alkaline-earth ions and alkaline-earth
atoms using the ab initio methods as given by Eqs. 2
and 3 and further compare these coefficients with the
values obtained using the Slater-Kirkwood formula given
by Eq. 6 and with the approximations used by Midzuno
and Kihara [81] (Eqs. 7 and 8), which we refer to as
the fitted values in our discussion. Moreover, we also
determine the oscillator strengths of the leading transi-
tion and static dipole polarizabilities of the ground states
of the alkaline earth ions and atoms and compare them
with the available experimental values and other precise
calculations.
B. Dipole Polarizability
It follows that calculation of the dispersion coefficients
require knowledge of the dipole αv(ιω) dynamic polariz-
abilities for the atom and ion in ground state v. Follow-
ing [84] αv(ιω) can be categorised into three parts,
αv(ιω) = αvc (ιω) + α
v
val(ιω) + α
v
vc(ιω), (10)
with the notations c and val representing the contribu-
tions due to the core and valence effects, respectively
whereas αvvc is the compensation term which accounts for
the contribution from the excitation to the occupied va-
lence shell that is forbidden by the Pauli exclusion princi-
ple. In sum-over-states approach the valence correlation
contributions to the ground state can be estimated using
the expression
αvval(ιω) =
∑
p6=v
fvp
(Ev − Ep)2 + ω2
, (11)
where f is the oscillator strength from state v to excited
intermediate states p and Es are the corresponding en-
ergies of the states. The oscillator strengths f for the
corresponding transitions can be deduced using the rela-
tion [85]
fvp = −
303.756
gvλ
× |〈jp||D||jv〉|
2. (12)
Here λ is the transition wavelength expressed in A˚, gv
denotes the statistical weight and 〈jp||D||jv〉 represents
the reduced dipole matrix element in a.u.
It is required to calculate a sufficient number of atomic
states so that ample oscillator strengths can be evalu-
ated to estimate contributions to the αvval values. We
have evaluated as many transitions as possible for ac-
curate calculation of the valence contribution by either
using all-order method and Multi-Configurational Dirac
Fock (MCDF) approximation for ions and atoms respec-
tively as discussed in next section. For better accuracy in
the calculation of polarizabilities instead of using our cal-
culated energy values, we use experimental energies from
NIST database, where the best compiled values have been
given [61]. The core contributions αvc (ιω) have been cal-
culated using a random phase approximation (RPA) as
described in Refs. [86–88]. The core-valence contribu-
tions αvvc(ιω) are typically extremely small in magnitude
and have been ignored in the present study.
C. Evaluation of matrix element
The approach we use here to evaluate the dispersion
coefficients is based on the use of accurately calculated
dipole matrix elements for the two atomic states. The
wavefunctions required for the evaluation of matrix el-
ements for alkaline-earth ions are obtained considering
the singles and doubles excitation approximation in the
all-order (SD) method as described in Refs. [86, 89]. In
the SD method, the wave function of the state with the
closed-core with a valence electron v is represented as an
expansion
|Ψv〉SD =
[
1 +
∑
ma
ρmaa
†
maa +
1
2
∑
mnab
ρmnaba
†
ma
†
nabaa
+
∑
m 6=v
ρmva
†
mav +
∑
mna
ρmnvaa
†
ma
†
naaav

 |Φv〉,
(13)
where |Φv〉 is the Dirac Hartree Fock (DHF) wave func-
tion of the state. In the above expression, a†i and ai are
the creation and annihilation operators with the indices
{m,n} and {a, b} designating the virtual and core or-
bitals of |Φv〉, ρma and ρmv are the corresponding single
core and valence excitation coefficients, and ρmnab and
ρmnva are the double core and valence excitation coeffi-
cients. To construct the single particle orbitals for the SD
method, we have used total 70 B-spline functions with a
cavity of radius R = 220 a.u.
The wavefunctions required for the computation of ma-
trix elements for alkaline-earth atoms in their initial and
final states are obtained under MCDF approach using
GRASP2k code [90]. In this approximation an atomic
state function (ASF) is considered as a linear combi-
nation of various configurational state functions (CSFs)
which have same total angular momentum and parity,
i.e.,
|Ψv〉MCDF =
N∑
n=1
an|Φn〉 (14)
here, n denotes the number of CSFs, an is the mix-
ing coefficient of the CSF |Φn〉 in representation of
the state |Ψv〉. The single particle orbital radial func-
tions and expansion coefficients are obtained first by
multi-configuration self-consistent field calculations using
5Dirac-Coulomb Hamiltonian. Further, relativistic config-
uration interaction calculations are performed including
Breit and quantum electrodynamic corrections. In order
to increase the accuracy of the ASF we consider maxi-
mum number of CSFs in the linear contribution and fi-
nally, retain only those which have value of mixing coeffi-
cient greater than 10−3. It is important to mention here
that in the present work we have used all order method
for ions as this method is suitable for the monovalent
system and give accurate result for them as compared to
Multi-configuration Dirac-Fock (MCDF) method. Since
for the two valence electron alkaline earth atoms it is dif-
ficult to apply all order method and also at present we do
not have a suitable code developed yet, we have used the
MCDF approach and utilized available GRAPS2k [90]
which gives equally accurate results for divalent systems.
After obtaining wave functions for the aforementioned
ions and atoms, we determine the dipole allowed (E1)
matrix element for a transition. It is relatively straight
forward to make use of the generated list of matrix ele-
ments to evaluate oscillator strengths and dipole polariz-
abilities which are further used to calculate the dispersion
coefficients as described in the theory earlier.
III. RESULTS
A. Oscillator strengths
We have calculated the first few oscillator strengths
having dominant contributions to the dipole polarizabil-
ity as given by Eq. 11. In Table I, a comparison is pre-
sented between present calculations with the previously
reported other results [62–68] which are also available at
the NIST database [61]. We find excellent agreement be-
tween the two results for ions. However, for atoms, the
calculated oscillator strengths agree well with the previ-
ous data for 1S0 →
1 P1 transition, while for
1S0 →
3 P1
transitions, a slight discrepancy of the order of ∼ 10−6
can be observed. This difference can be conveniently ig-
nored as the small value of oscillator strength will have
an insignificant contribution to the determination of po-
larizability. Thus, our results for oscillator strengths are
precise enough to predict the reliable values of the polar-
izability of the considered ionic and atomic systems.
B. Static dipole polarizabilities
The calculated oscillator strengths are used to deter-
mine the static dipole polarizabilities of the concerned
alkaline-earth ions and atoms. As described previously
in theoretical method we use a sum-over-states approach
to calculate the polarizability in this work. It should
however be noted that for the ground state polarizability
only first few low lying transitions contribute the most.
Please note that the error introduced due to truncation
of the sumation was not more than 1.5% for ions and
even smaller for the atoms.
Alkaline-earth ions:
Our results for static dipole polarizability of alkaline-
earth ions are presented and compared in Table II with
other theoretical calculations of Lim and Schwerdtfeger
[69] as well as different precise measurements [71–73].
One can readily see that present results are in good agree-
ment with the theoretical results [69] that are obtained
using the relativistic coupled-cluster method in the fi-
nite field gradient technique along with the optimized
Gaussian-type basis set. However, in our calculation, we
have used a sum-over-sates approach which permits us
to use accurate experimental energy data wherever avail-
able. This justifies the good agreement of the present
calculations with the measurements. For example, the
static dipole polarizability value of Ca+ ion, measured
by Chang et al. [71], is in very close agreement with our
evaluated value, whereas, for other ions, i.e., Sr+ [72] and
Ba+ [73], the agreement is within 2%. Unfortunately, for
Mg+ ion we did not find any data in the literature to
compare with our result. However, based on our results
of Ca+, Sr+ and Ba+ ions, we believe our value for Mg+
ion should also be reliable.
Alkaline-earth atoms:
The present results of static dipole polarizability of
alkaline-earth atoms are given in Table II where these
are compared with the previously reported calculation
of Porsev and Derevianko [92] and other experimental
results [74–77]. Porsev and Derevianko calculated their
static dipole polarizabilities by using available reported
experimental energies and theoretically calculated ma-
trix elements. A close agreement between our results
for Mg, Ca, and Ba atoms with theoretical calculations
[92] and other experimental measurements [74–77] can
be seen from Table II. However, for Sr atom, we observe
that our value of static dipole polarizability is somewhat
higher as compared to the available calculation [92] and
the experimental value [76]. This could be due to our
slightly higher value of oscillator strength as compared
to that of the NIST [61] value for the leading transition
1S0 →
1 P1.
C. C6 coefficient
Using our calculations for dipole polarizabilities, we
further calculate the C6 dispersion coefficients for the
combination of interaction between two homonuclear
alkaline-earth atoms, two heteronuclear alakline-earth
atoms as well as alkaline-earth atom with their ions in
their ground state. We have taken the calculation of C6
for homonuclear alkaline-earth atom dimers simply for
comparison pourposes in order to just check the reliabil-
ity of our calculations and to see how these match with
the other available results. These coefficients are pre-
6sented in Table III, where we have also compared our
calculations with the available previous theoretical [91–
93] and experimental [59, 60] results. We find that our
calculated value of C6 for Ca-Ca dimer shows excellent
agreement with the experimental result while it deviates
from measurements by ∼ 7% for Mg-Mg dimer. Also, one
can see from Table III, that there is significant disagree-
ment among the reported theoretical values from Mitroy
et al. [91], Porsev et al. [92], and Patil et al. [93], for
all homonuclear alkaline-earth atom dimers. This differ-
ence among these results can be attributed to different
methodologies adopted in the theoretical approaches. We
also observe that with the increase in the atomic size of
homonuclear dimer the C6 dispersion coefficients also in-
crease. The same trend can also be seen in the other
reported theoretical as well as experimental results.
Further, we have calculated C6 dispersion coeffi-
cients for the interaction between the two heteronuclear
alkaline-earth atoms in their ground state and these are
shown in the Table IV. There are no other results re-
ported for these C6 coefficients with which we can com-
pare our results. However, for the sake of comparison,
we have also obtained C6 using Slater Kirkwood formula
given by Eq. 6 using experimental values of static dipole
polarizabilities of each atom as well as C6 coefficients as
reported by Porsev et al. [92] for homonuclear alkaline-
earth atom dimers. These calculated values are also pre-
sented for comparison in Table IV and referred as fit-
ted calculations. Results determined using this approach
show a close agreement with the present C6 values, ex-
cept for the dimer which has a combination with Sr atom,
i.e., Mg-Sr, Ca-Sr and Sr-Ba dimers. This could be due to
our calculated dipole polarizability of Sr atom being rel-
atively higher than the experimental value as can be seen
from Table II. An agreement between results from both
the methods clearly confirms the validity of our method
of calculation of C6 dispersion coefficients for heteronu-
clear alkaline-earth atoms. Similar to the previous case,
we again find that the value of C6 increases with the
increasing size of interacting atoms.
The calculated C6 dispersion coefficients for the
alkaline-earth ions interacting with the alkaline-earth
atoms are shown in Table V. In this case, also there are
no other previously reported theoretical or experimen-
tal results to compare with our results. Consequently,
we performed calculations using fitting approach using
eq. 6 and compared these in the Table V. We observe
good agreement between present results with our fitting
calculations for all the dimers of alkaline-earth ions with
the alkaline-earth atoms except where neutral Sr atom is
involved. The possible reason can again be due to the rel-
atively higher value of our calculated dipole polarizabil-
ity. The close agreement between these two approaches
justifies the accuracy of our method of obtaining C6 co-
efficients.
D. C9 coefficients
After calculating the value of C6 for dimers, we have
determined the C9 dispersion coefficients for the interac-
tion between three alkaline-earth atoms. The calculated
results are shown in Table VI. Due to non-availability of
other results for comparisons, we have again evaluated
C9 using fitting equations, i.e., Eqs. 7 and 8. In order
to solve these equations, we have used C6 coefficients
for homonuclear alkaline-earth atom dimers by Porsev
et al. [92] and used experimental static dipole polariz-
ability from Peter & Jeffrey [94]. One can observe from
Table VI, that both sets of values for C9 dispersion coef-
ficients of the concerned systems show close agreement.
The maximum difference between two results can be seen
for the systems which have Sr atom in their combinations
for a reason as stated earlier.
Finally, we have calculated the values of C9, as given in
Table VII, for the interaction between two alkaline-earth
atoms and alkaline-earth ions. In addition to a calcula-
tion by our method, we have determined these coefficients
with fitting equations, i.e., Eqs. 7 and 8. To solve these
equations experimental values [94] of the static dipole po-
larizability Ca+, Sr+, and Ba+ are used. In case of Mg+
our calculated result for dipole polarizability is utilized
due to unavailability of the corresponding measurements.
From this table, we find close agreement between both
sets of the calculations, excluding the systems with Sr
atom. This is consistent with our other results for C6
and C9. The C9 coefficients also show similar trends as
C6 with respect to the size of the interacting atomic sys-
tems.
IV. CONCLUSION
In the present work, we have studied the nature of
the interaction coefficients for the alkaline-earth atoms
among themselves and with the alkaline-earth ions and
obtained the values of the two-body C6 and three-body
C9 dispersion coefficients. To determine these coeffi-
cients, oscillator strengths for leading transitions and
static dipole polarizability of atoms and ions in their
ground states are determined using relativistic meth-
ods. These results are compared with corresponding
data from other theoretical calculations, measurements
and NIST database and an overall, good agreement are
found. Apart from C6 values for alkaline-earth homonu-
clear dimers, the C6 and C9 coefficients are reported here
for the first time. Therefore, we have performed fitting
calculations, for the sake of comparison, using measured
values of dipole polarizability and other available param-
eters. A good agreement between values from our and fit-
ting methods indicates the reliability of our calculations
for C6 and C9 dispersion coefficients. We hope our re-
sults will induce more theoretical and experimental stud-
ies in this direction and help to make progress in quantum
information processing, quantifying molecular potentials
7for ultracold collision investigation and designing better
atomic clocks.
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9TABLE I. Comparison of our calculated oscillator strengths (f) of the leading transitions with the previous available values.
The numbers in parentheses represent powers of 10.
Ion Upper level Lower level Term fpresent fprevious
Mg+ 3p 3s 2S1/2→
2P1/2 0.303(-2) 0.303(-2)
a
Mg+ 3p 3s 2S1/2→
2P3/2 0.609(-1) 0.608(-2)
a
Ca+ 4p 4s 2S1/2→
2P1/2 0.321(-2) 0.330(-2)
b
Ca+ 4p 4s 2S1/2→
2P3/2 0.648(-2) 0.682(-2)
b
Sr+ 5p 5s 2S1/2→
2P1/2 0.344(-2) 0.341(-2)
c
Sr+ 5p 5s 2S1/2→
2P3/2 0.710(-2) 0.703(-2)
c
Ba+ 6p 6s 2S1/2→
2P1/2 0.342(-1) 0.348(-2)
d
Ba+ 6p 6s 2S1/2→
2P3/2 0.739(-2) 0.690(-2)
d
Atom Upper level Lower level Term fpresent fprevious
Mg 3s3p 3s2 1S0→
3P1 0.309(-8) 0.238(-7)
e
Mg 3s3p 3s2 1S0→
1P1 0.175(1) 0.180(1)
f
Ca 4s4p 4s2 1S0→
3P1 0.825(-5) 0.510(-6)
g
Ca 4s4p 4s2 1S0→
1P1 0.175(1) 0.175(1)
g
Sr 5s5p 5s2 1S0→
3P1 0.351(-5) 0.100(-4)
c
Sr 5s5p 5s2 1S0→
1P1 0.199(1) 0.192(1)
c
Ba 6s6p 6s2 1S0→
3P1 0.836(-4) 0.840(-4)
d
Ba 6s6p 6s2 1S0→
1P1 0.162(1) 0.164(1)
d
aRisberg[62],bEdlen et al.[63],cSullivan[64],dKarlsson et al.[65],eMeissner[66],fRisberg[67],gRisberg[68]
TABLE II. Comparison of our calculated static dipole polarizabilities αv(0) (in a.u.) for the considered alkaline-earth ions and
alkaline-earth atoms in their ground states with the available measurements and the other theoretical calculations.
Ion State Present Calculations Other Calculations Measurements
Mg+ 3s 35.0
Ca+ 4s 76.1 75.88 [69] 75.3(4) [71]
Sr+ 5s 91.7 91.10 [69],93.3(9) [83] 86(11) [72]
Ba+ 6s 125.5 123.07 [69] 123.88(5) [73]
Atom State Present Calculations Other Calculations [70] Measurements
Mg 3s2 71.9 71.3(7) 71.5(3.1) [74]
Ca 4s2 158.2 157.1(1.3) 168.7(13.5) [75]
Sr 5s2 214.5 197.2(2) 186(15) [76]
Ba 6s2 276.2 273.5(2.0) 268(22) [77]
TABLE III. The dispersion coefficients (C6) for the interaction between two homonuclear alkaline-earth atoms in ground state.
Present Calculation Other Calculations Measurements
Mg-Mg 636 612.6a ,627(12)b ,648c 683(35)d
Ca-Ca 2138 2022a,2221(15)b ,2002c 2080(7)e
Sr-Sr 3654 2890a,3170(196)b ,2849c -
Ba-Ba 5324 5160(74)b ,4479c -
aMitroy et al.[91], bPorsev et al.[92], cPatil[93], dKwong et al.[59], eAllard et al.[60].
TABLE IV. The dispersion coefficients (C6) for the interaction between two heteronuclear alkaline-earth atoms and their
comparison with the fitting result obtained by Eq. 6.
Present Calculation Fitted
Mg-Ca 1150 1160
Mg-Sr 1494 1380
Mg-Ba 1784 1727
Ca-Sr 2793 2652
Ca-Ba 3360 3367
Sr-Ba 4403 4032
